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I. INTRODUCTION

Let Cfa, b] be the space of continuous real valued functions defined on the
compact interval [a, b], endowed with the supremum norm denoted by ] I
Let P, be the algebraic polynomial of degree at most # of best approximation
to f'e Cla, b]. The main purpose of this paper is the investigation of the
behavior, as n-» oo, of || P® | and || PP [[n.; = max,cues | PEH(X)I,
a4 < o < fB < b. In a subsequent work we shall apply our results to the
problem of lacunary approximation.

In this paper, P,, @,, R, will always denote algebraic polynomials of
degree at most #. The sentence: “Let P, be the polynomial of best approxi-
mation to fe Cla, b]”” means that P, is the polynomial of best approximation
to f on {a, b]. All constants appearing in this paper depend on ¢ and 5.

We now state the theorems on which our study relies. Let fe CV{a, 5],
the subspace of Cla, b] of N-times continuously differentiable fuunctions; let

En(f) = v’l P, —"f”

THeOrReM 1.1 (Jackson [7,p. 127)). There exisis a constant K, which
depends on N, such that
K 1 1
£ ekl N L ~
E(f) <5 o(f ,n), n=1,

where w(g) is the modulus of continuity of g € Cla, bl.

THEOREM 1.2 (Markoff inequality, [7, pp. 134-141]):
PO < M| P, nrx=1
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and Bernstein’s Inequality ([7], page 133)
1 PP st S Na* U Pyl m> 1,

The constant M depends on k and the constant N depends on k, a, S.

THEOREM 1.3 (3, p. 39]. There exists a constant K such that, if fe C’[a, b],

n(f) - En-—l(f ) n>=1.

The behavior of the derivatives of the trigonometric polynomial of best
approximation has been investigated by Czipszer and Freud [2] and by
Zamansky [10]. We show here that, with proper restrictions, some of their
results can be extended to the algebraic case. See also [4, 6].

IT. CONVERGENCE OF THE SEQUENCE OF DERIVATIVES OF THE POLYNOMIAL
OF BEST APPROXIMATION

In this section we study k’s for which lim, | P¥ — f® |.a =0,
a < ¢ < d < b, as well as the corresponding speeds of convergence, where
P, is the polynomial of best approximation to f& C¥[a, b]. The main results
are Theorems 2.4 and 2.8.

THEOREM 2.1. There exists a constant M with the following property: Let
fe Cla, b] be such that, for some A, E,(f) < An, n = 1, E(f) < A Then,
for P, , the polynomial of best approximation to f, one has:

NPl << MAn, n2>1

Proof. Let k be defined by 2% <C n < 2%+1, Then
ke
P, =P, — Py -+ Z (Pye — Pyia) + (Py — Pg) + Py .
i=1

By differentiating both sides of this identity and applying Markoff’s inequality,
we obtain:

k
| Pl < K| P, — Py ||+ Y, 2% || Pps — Pyua i + 1| P, — Py
=1
Now, for I < m,

| Pro — Pill < || P — fI1 + | Py — [l < En(f) + Ef) < 2EAf);
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Ao
L

ence

k
1Pl < KQrPEH(f) + 3, 227 Epuc(f) + 2E(F))
i=1

K(Z 22(1+1) Z 22421 + 2)\)

< KA (42’” +4 Z 2¢ 2) M.

i=1

THEOREM 2.2. There exists a constant M with the following property: if a
JSunction f satisfies | f(x) — f(0)] < Aix—y], x,yela, b], then jor the
polynomial P, of best approximation to f,

Pyl < MAn, n=1.

Proof. This is a direct consequence of Jackson’s theorem and
Theorem 2.1.

THEOREM 2.3. Let k, N be integers with 0 << k << N. There exists a
constant M, depending on N, such that, if P, is the polynomial of best approxi-
mation to e C¥a, b, then

| PW — fO || < MiPE,_(f®), n 2k
Proof. The theorem is true for N = 0. Let N == 0 and suppose that

LP® — p0 | < MnhE,_(h%),  0<k<N,n=k,

for every & € C¥]a, b], where P, is the polynomial of best approximation to 4.
Let fe C¥a, b]. By the induction hypothesis, we have:

L6 — QW | < MynE, | (f%Y),  O0<k<Nn>k ()

where Q,._, is the polynomial of best approximation to f'. Let g{x) =
F(x) — f(@ — [, @us(t) dt, x € [a, b]. Now, for x, v € [a, b], we have

1860 = 8N < [ 11/ = Qurald it < EaasFO x =7 L.

That is, g satisfies Lipschitz condition with constant £, _(f"). Let R, be the
polynomial of best approximation to g. We have, by Theorem 2.2:

IR < KmE,o(f), n=zl,
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and, by Markoff’s inequality and Theorem 1.3:

“ R(k) “ K ImZ(k 1)E (f )

nZL —1 E (f‘ (k))
(n — D=2 (n—(k—1) "*
<K E,f™),k<N+1, n>k (2)

From (1) and (2) we conclude that
| f® — QWD — RS | < KInFE,_ (f®) 4 M n*1E, _(f®)

<My *E_(f™),k<N+1,n>=k

N+1

The theorem follows because —f(a) + f: 0. () dt + R,(x) is the poly-
nomial of best approximation to f.

THEOREM 2.4. Let k, N be integers with 0 <k < Nf2. There exist
constants S and T which depend on N such that, if fe C¥[a, b] and P, is the
polynomial of best approximation to f, then

| B — fO < SE, (/™) < Trar By \(f%), =N,

Proof. This is a direct consequence of Theorems 1.3 and 2.3.

COROLLARY 2.5. Let k, N, f, P, be as in Theorem 2.4. There exists a
constant M, which depends on N, such that

| PG — f 1} < ( (N) ’_) , a>N.

Proof. By Jackson’s theorem and the properties of the modulus of
continuity, we have, for n > N,

gy < Ko (1) < K 1) o)

The corollary follows from Theorem 2.4,
Corollary 2.5 was obtained by Roulier [8]. We now show that Theorem 2.4
improves Corolilary 2.5. We first need a preliminary result.

ProPOSITION 2.6. Let f(x) = (x + )22, xe[—1,1]. Then E.(f) <
Kin,n > 1.
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Proof. By [7, p. 120), E.{(f) = EX(f(cos x)) where Ef is the degree of
approximation by trigonometric polynomials of order at most #. Now
(cos x + 1)1/ = 2Y2 | cos x/2 | has a derivative bounded by 2'/3/2 (except
at the odd multiples of = where the derivative does not exist). It follows that
ifcos x + 12 — (cosy + DV2| <2022 1 x — y|, x,yel—1,1]. Now,
Jackson’s theorem [7, p. 84] implies that Ef(cos x + DY) < Ky/n, n = 1,
and so F,((x + D3 < K/n,n = 1.

Letf(x) = (x — 1)*(x — D3, xe[—1, 1], so that f "(x) = (15/4)(x - 1}/
Corollary 2.5 implies that || P, — f'i| < M/n*/%, while Theorem 2.4 implies
that]| P, — f' || << T/n. Of course, there are functions for which Theorem 2.4
does not yield more information than Corollary 2.5, for instance f{x} =
x| xj, xe[—1,11[7,p. 171].

The remainder of this section is devoted to proving the analog of Theorem
2.4 where the norm of P, is taken over a subinterval of [a, b}.

THEOREM 2.7. Leta << x << 8 << b. There exists a constant M, depending
on o and B, with the following property: if for a function f,
[fx) =l <Alx—yi,  xpyelabd]
then
Py < MX, n =1,
where P, is the polynomial of best approximation te f on [a, b].

Proof. There exists a sequence of (Q,) of polynomials such that [3, p. 125}

10, = £1 < Mand i 01l <202, =1,
where & depends on « and S.
Now
1 Prlltwsr < P — Qollin,el T 1 @ liea
and
125~ Qullae) < Knff Py — Oy llia,0)

< kn (B + )
(5

by Jackson’s theorem and Bernstein’s inequality. The theorem follows.

TueorEM 2.8, Let a < a < B < b and let N and k be integers with
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0 < k < N. There exists a constant M, which depends on N, o, B such that,
if P, is the polynomial of best approximation to f € CV|[a, b], then

| PP — 9 < ME,_(f®), n>k

The proof of this theorem is similar to that of Theorem 2.3, but requires a
more careful use of Bernstein’s inequality. Theorem 2.8 is true for N = 0.
Suppose that

| P — B W e, o < MyE, (™),

for every he C¥[a, b],0 < k < N,n > k.
Let f'e C¥*+a, b]. By the induction hypothesis we have:

1Y — O s < MyEna (),  0<k<Nnzk @3

where Q,,_; is the polynomial of best approximation to ' on [a, b].

Define g as in Theorem 2.3. Then g satisfies Lipschitz condition with
constant E, ,(f"). Let R, be the polynomial of best approximation to g on
[a, b]. We have, by Theorem 2.7,

| Rallte.ar < KiEna(f),  n21,

where ¢ = (a + «)/2, d = (B + b)/2.
By Bernstein’s inequality and Theorem 1.3, we have:

I R Jits1 < Kt 1| R,

< KpKyn*1E,_(f)
nk1

n—Dnr—2)(n—(k—1)
S KiE, 5 (f®), k<N+Lnzk (4

< Kj E, #(f')

From (3) and (4) we conclude that

() &) (: (— (%
1F® — PP s = ® — QF Y — R i, a1

< MyuEnif™), k< N+1,n>k

III. DIVERGENCE OF THE SEQUENCE OF DERIVATIVES OF THE POLYNOMIAL OF
BEST APPROXIMATION

Let P, be the polynomial of best approximation to fe C¥[a, b]. We now
investigate the behavior, as n — o0, of || P {[.q1, @ < ¢ < d < b for the
k’s which have not been considered in Section II.
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THEOREM 3.1. Let k, N be integers with [NJ21 1+ | <k < N. Let P, be
the polynomial of best approximation fo f € CNa, b]. Then there exist constants
M, M; , M, which depend on N, such that

FPE | (B )+ MyttEp i f )
SUSD |+ My NE,_n(f ™)
<[+ Mn““”w( ) %), n = N.

Proof. 'This is a direct consequence of Theorems 2.3, 1.3 and the properties
of the modulus of continuity.

TueoreM 3.2, Let k, N be integers with k > N = 0. Let fe C%a, b},
[ not a polynomial. Then there exists a constani M, which depends on k and f,
such that, if P, is the polynomial of best approximation to f,

I PR || < Mn2Ne (f<N>,%), n>1,

We need two preliminary remarks: First [9, p. 100], if f< Cla, &} is not &
constant, we have w(f, 1/n) = C/n, C > 0, n > 1. Second, let f'e C¥[a, b],
¢ <a,d > b. Wecan extend fto g € C¥[c, d]in such a way that w( g™, &) <
lo(f™, B), h > 0, [ being a constant depending on f. Indeed let g(x) =
SN G (F DD x —a if e < x <a, gx) =f(x) if a <x<b and
glx) = }:1::0 (fYB)n)x — b)" if b < x < d. Then g is as required.

Proof of Theorem 3.2. Let ¢, d and g be as above. By Theorem 2.8, there
exists a sequence of polynomials @, and a constant X such that

BN K (ol
107 — & e < im0 (80, );

nz{;(_l (f(N’ —) k<N, n=k+1.

It follows that | Q% . < K¢, 0 <k <N, and || Q% {01 < Kgn*=%,
k > N, by Bernstein’s inequality. So

1 0% ity < max(Kj, Kint—¥),  k = 0.
Now we have, for k = 0:

, 3 [¢3)] ()
1 PP 0y <P — 0P ot + 11 O ity -
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Also

1P — 02 ey < S|l P — Ol
e K (o Ly
< N2k (En(f) + s ( ), 5))
So Jackson’s theorem yields:
| PU | < K n2k-Ngy ( FO0 1 rEr ok
w apl < Kl w( ,;) -+ max(Kj , KinF—*).

But w(f™, 1/n) = C/n because f') is not a constant. It follows that

| P ey < Kin®Neo (f(N) l) (f(m _) max(Kj , Kpah—N)

< 0 (£905) (K2 4 €, max(Ky , KinY).

Butifk > N+ [, then 2k — N = k — N 4 1. It follows that [ P,* |, 41 <<
Mn2*=Ne(f W), 1/n) for k = N+ 1.

THEOREM 3.3. Letk, N be integers withk > N = 0. Leta < o < f < b,
O0<e<<land K> 0. Let | f*™(x) — f¥(W < K|x—yl, x,ye][a, bl
There exists a constant M which depends on o, B, K, k, N such that, if P, is the
polynomial of best approximation to f on [a, b},

| P8 et < Ma*N~<,  n>1.

We first exclude the possibility Kk = N 4 e. Let [ be defined by 2! < n <

21

Then

1
Pn:Pn“—le—l_Z(P2i~P2i41)+(P1—Po)+P1'

i=1

By Bernstein’s inequality and Jackson’s theorem, we obtain, as in the proof
of Theorem 2.1:

PO s < Rk(z’» 1P, — Pl + 2 WY P, — Pyl 4+ | P,— P, n)

and

I P® ity 1 < R (n’ K'nN—< - K" 2 26 ~-DN+ o E(f) +- Eo(f))

=1

The theorem is proved for k £ N + .
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We now prove the theorem for k = N+ 1 and fora = —1, b = I. The
general case is reduced to this by the transformation x+— i{n — a)x -
#b + a). Let g(x) = f(cos x), x € [—7, «]. Then

(EVx) — gV <K' |x—y|, xye(—m m).

Now, there exists a sequence of even positive kernels K, such that
oI

TR K () dr = 1,

7 k . k
L) = — [ K@Y (0 () el + in)
7 i=1
is a trigonometric polynomial of degree », and
lg — Tl < M'n* [5,p.57].

It follows that
o - (kY [T
TP <y (7)) 180+ inide <Ky, 1 <j<k
i=1 -

(The case j = k follows from the fact that g'* exists almost everywhere and
is bounded.) Let Q,(x) = T,(arcos x), x e [—1, 1]. Because g and X, are
even, T, is even and so @, is an algebraic polynomial. Now
k o
02(x) = Y, Tarcos x) Vi(x) WAL — x3)712),

i=1
where V; and W, are algebraic polynomials of degree bounded by & — 1 and
2k — 1 respectively. It follows that, if —1 < o << 8 <C I, then
103 w1 < K.

Also

1P ) < I PP — O st + 11 0% fre o

and
| P — 0 1, ;1 < Knt® || Py — O ly.1]
< Kn*(E(f) + Mn™)
< Kn*(Kyn=* 4~ Kin—*)

by Jackson’s theorem and Bernstein’s inequality. The proof of the theorem
is complete.



100 MAURICE HASSON
IV. REMARKS AND OPEN QUESTIONS

We can somewhat generalize Theorems 2.4 and 2.8: If fe C¥[a, b] and
| Pp — £l = O(EL(f)), then || P — f# || = O(E,_u(f?), 0 < k < N2,
and [P —f® (i g = OE,(f®), 0<k<N, a<a<B<b
Theorem 2.8 extends to the trigonometric case. Let C¥ be the space of
everywhere N-times continuously differentiable functions of period 2=. If
| T — flit—z.a1 = OCEX(f)), then || T5? — f®@ . 1 = O(EF(f®)), 0 <
k < N, where T, is a trigonometric polynomial of degree at most » and
EX(f) is the degree of approximation by such polynomials.

Indeed, it suffices to notice that Theorem 2.7 holds true for the trigono-
metric case, to use the corresponding Bernstein’s inequality [7, p. 901,
| T, | < nlT,|,and to observe that EX(f) < (K/n) EX(f)if fe C'[—m, 7].
The last result was found by Czipszer and Freud [2]. Similarly, by using the
above quoted inequality in the proof of Theorem 3.4, we obtain that if
feCVl~m, wl,k >N >0,0<e<Cland|fM(x) — MM <K|x—y]
X,y € [—m, =], then there is a constant M which depends on & and f such
that, if || T, — fll = EX(f), then || T || < Mm*¥+, n > 1. For related
results see [4].

Letfe C¥[—m, w], k > N = 0. We conjecture that there is no constant M
which depends only on k and f such that if || T, — f|| = E}f(f), then
| T8 | < Mu*Na(f ™), 1/n), n = 1. Similarly for the algebraic case.

We make also the following conjecture: for every N > 1 there exists
fe C*N-a, b] such that, for all £, N <k 2N — 1, P%(a) does not
converge to f%(a), where P, is the polynomial of best approximation
to f.

It is interesting to notice that we cannot replace the hypothesis of Theorem
2.7 by those of Theorem 2.1. Indeed, we have

THEOREM 4.1. Leta < o << B << b, and let A > 0. There exists a constant
M which depends on o, B, A, with the following property: let f e Cla, b] satisfy
E(f) < An,n = 1; EXf) < A Then, for the polynomial P, of best approxi-
mation to f, one has:

” ‘P;L H[a,B] \<~ MIOg n, n > 2'

The proof is almost exactly the same as the first part of the proof of
Theorem 3.4.
The next theorem illustrates Theorem 4.1.

THEOREM 4.2. There exists a function f C[—1, 1] such that E,(f) < K|n
and, if P, is the polynomial of best approximation to f on [—1, 11, || Py, lw.c1 =
Klogn, n = 1,2,.., whenever —1 < a << B < 1.
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Proof. Let f(x) = Yo 5*T5(x), where T,(x) = cos(n arcos x). For
this function we have [11] E,(f) < K/n. On the other hand,

Pa(x) = Y 55T @.n

k=0

is the polynomial of degree at most 57 of best approximation to f {see
[7, p. 1271). Since

PlL(x) = Y sin(5* arcos x) a L

“ — xR

and 5* = 1 (mod 4),

n

PL0) =3 1 =(n+ 1)

k=0

As Pya{x) is the polynomial of degree <Ck of best approximation to f, for
= 5§ 5% L 1., 5" — [ [1, p. 127], the theorem follows.

ACKNOWLEDGMENTS

1 am indebted to Professors G. G. Lorentz and O. Shisha for their vaiuable suggestions.

REFERENCES

1. E. W. CuENEY, “Introduction to Approximation Theory,” McGraw-Hill, New York,
1966.

2. J. Czieszer AND G. FreuD, Sur I'approximation d’une fonction periodique et de ses
dérivées successives par un polynome et par ses dérivées successives, Acta Math.
99 (1938), 33-51.

3. R. P. FEINERMAN AND D. J. NEwMAN, “Polynomial Approximation,” Williams &
Wilkins, Baltimore, 1974.

4. A. L. Garkavi, Simultaneous approximation to a periodic function and its deri-
vatives by trigonometric polynomials, Izv. Akad. Nauk SSSR Ser. Mar. 24 (1960},
103-128.

5. G. G. LoreNTZ, “Approximation of Functions,” Holt, Rinehart & Winston, New
York, 1966.

6. V. N. MaLozemov, Simultaneous approximation of a function and its derivatives
by algebraic polynomials, Dokl. Akad. Nauk SSSR Ser. Mar. 17¢ (1966},
T773-775.

7. I. P. Naranson, “Constructive Function Theory,” Vol. I Ungar, New York,
1964.

8. J. A. ROULIER, Best approximation to functions with restricted derivatives, J. Ap-
Approximation Theory 17 (1976), 344-347.



102 MAURICE HASSON

9. A. F. TivMaN, “Theory of Approximation of Functions of a Real Variable,” Mac
Millan, New York, 1963.

10. M. ZaMANsKY, Sur "approximation des fonctions continues, C. R. Acad. Sci. Paris
224 (Jan.-Juin 1947), 704-706.

11. A. ZyomunD, Smooth functions, Duke Math. J. 12 (1945), 47-76.



